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3D problems and Legendre polynomials

1 Legendre’s equation
A basic equation, obtained when separating variables in 3D is,
[sinT") + A\T'sin@ = 0.

This equation is called Legendre’s equation after changing variables to = = cos 6. The
variable # runs from 0 to 7 and thus sin > 0. We have

sinf = /1 — 2.

After this substitution, with y(z) = T(0) = T(arccosz), using d/d0 =

—V1 —x2d/dx) we get
d

dz

{(1 — x%jﬂ + Ay =0.

This equation is self-adjoint. 2 = 0 is a regular (not singular) point — but the equation
is singular at x = +1. Near x = 0 we can solve it as a Taylor series,

y(z) = Z ajx.
J=0

We find the equation

D 3G = Dajat 2 =Y "5 — Daja? =2 jagal + XD aal =0
j=0 j=0 j=0 j=0

After introducing the new variable i = j — 2, we have

o0

(i+ D)+ Daipor' =Y [ +1) = Mgz’ = 0.
=0

I

Il
=)

J
Collecting the terms of the order z*, we find the recurrence relation

_ k(E+1) -
AR R

If A = n(n+1) this series terminates — actually those are the only acceptable solutions,
any one where \ takes a different value actually diverges at x = +1 or x = —1, not
acceptable for a physical quantity.

One conventionally defines
_ (2n)

I = izgn”

With this definition we obtain

Po = 1, Pl = T,
P, = %xQ -1 Py = %(5x3 — 3x),
Py = I(3p2%-302% +3), Py = §(63z° —702° + 15z).

A graph of these polynomials can be found in figure 1.
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Figure 1: The first few Legendre polynomials P, (z).

2 Properties of Legendre polynomials

2.1 Generating function

Let F(z,t) be a function of z and ¢ that can be expressed as a Taylor’s series in ¢,
>, Cn(2)t™. The function F is called a generating function of the functions ¢, ().
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Example 1:

F(z,t) = 1fzt is a generating function of the polynomials z™ since

oo

T— Z (Jzt] < 1).

Example 2

F(z,t) = exp (%(t — 1/t)) is the generating function of the Bessel functions,

F(z,t) = exp(z(t — 1/t)) = Y Ju(2)t".

Example 3:

(The case of most interest here)

Fo) = s Z

2.2 Rodrigue’s Formula

2.3 A table of properties

1. P,(x) is even or odd if n is even or odd.

2. P,(1)=1.

3. P(—1) = (—-1)".

L @n+1)P(@) = Py (@) — Ph_y (@),

5 (2n+1)zP,(z) = (n+ 1) Poya(z) + nPp_1(x).

6. [, Pu(z)dz = 555 [Poga(z) — Paoy(2)).

Let us start from the simple formula

This is differentiated n + 1 times,

A e~ 1)L @2 Z1)r (e — 1)
d$n+1 X dw i nr\xr

mn n+1 dn+2

n(n + l)j?(xz —1D)"+2(n+ 1)z

2
danrl (l‘ o
dn+1

dn
—2n(n + 1)d—( 2 1)" - 2nx - 1"

- [dux?)d{“(m?lﬁiﬁim{ e -1} =0
- T lde dz | dz" da o

We have thus proven that d = (x —1)™ satisfies Legendre’s equation. The normaliza-
tion follows from the evaluation of the highest coefficient,

d" 2n __ 2n! n

dz™ T
Let’s use the generating function to prove some of the other properties: 2.:

F(1,t) :—_Zt”

has all coefficients one, so P, (1) = 1. Similarly for 3.:

F(—1,t) :—_Z
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Property 5. can be found by differentiating the generating function with respect to ¢:

d 1 d &
- = t"P,
dt /1 — 2tz + 2 dt;o (z)

xr—t n—1
(1— 2tz + 232 Z”t Pu()

x—t TL n—1
T o Z P,( Znt P,(x)

Zt”acP Zt"HP Znt" 1P —ZZnt 2Py (

n=0 n=0

Zt”(2n+1)xPn(x) > (4Dt P (x +Znt P,_(

n=0 n=0

Equating terms with identical powers of ¢ we find
(2n+ 1)zP,(z) = (n+ 1)Pi1(x) + nPy_1(x).

Proofs can be found for the other properties using similar methods.

3 Fourier-Legendre series

Since Legendre’s equation is self-adjoint, P, (z) forms an orthogonal set of functions.

To decompose functions as series in Legendre polynomials we need the integrals

[ psie =7
2n+1

We use relation 5. twice we obtain recurrence relation

/1 Pi(z)dx = /1 P, () Bn = VP oa(e) -

-1 -1 n

(n— 1)Pn,2(a;)dw

= @n-1) /_1xPn(a:)Pn,1(x)d$

n

::<mw4>/1w+mawxm+nahmm
n 1 2n+1

o2n —1) (!
= W/1P3—1($)d$7

P,_1(x)dx

() + i nt" P, ()

and fix this number for n = 0,

/_11 PZ(x)dx =

So we can now develop any function on [—1,1] in a Fourier-Legendre series

n 1
=5 4,P,(x) _2 2“ L F(2)Po(z)dx

Example 4:

Find the Fourier-Legendre series for

0 -1<z<0
f(x)_{ 1 O0<z<xl1

Solution:

We find
1 1
A=} [ R@i=} 4=} A=,
0 0

1 1
AQ = %/ PQ(CC)CZ.’L‘ = 0, A3 = % P3(.Z’)d$ = —llﬁ.
0 0

All other coefficients for even n are zero, for odd n they can be evaluated
explicitly.

4 Modeling the eye

Let me model the temperature in a simple model of the eye, where the eye is a sphere,
and the eyelids are circular. We can assume that the temperature does only depend
on r,0 and not on ¢. We assume that the part of the eye in contact with air is at a
temperature of 20° C, and the part in contact with the body is at 36° C. If we look
for the steady state temperature it is described by Laplace’s equation,

V2u(r,0) = 0

Expressing the Laplacian V? in spherical coordinates we find

10 (L0uy, 1 0 (. ,0u)_,
2o\ or) " 2sneoe \" 0 ) T
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z-axis These integrals can easily be evaluated, and a sketch for the temperature can be found
in figure 3.

Figure 2: The temperature in a simple model of the eye

Once again we solve the equation by separation of variables,

u(r,0) = R(r)T(6). Figure 3: A cross-section of the temperature in the eye. We have summed over the
first 40 Legendre polynomials.
After this substitution we realize that

[PR)  [sinfT)

R Tsind
With the functions P, (cos ) as the solution to the angular equation, we find that the
solutions to the radial equation are

R= Ar" 4+ Br "%

The singular part is not acceptable, so the solution takes the form

u(r,0) = Z Apr" Py (cos )

n=0

Impose the boundary condition that the temperature is 20° C in an opening angle of
45°, and 36° elsewhere. This leads to the equation

Z A" P, (cosb) =

n=0

20 0<O0<m/4
36 w/4<f<m

This leads to the integral, after once again changing to x = cos#,

_2n+1

A, /_11 36P, (x)dx — ﬁl 16Pn(x)da:] .

V2




